Abstract. We show that the moments of order ? of the eigenvalues of the Schr6dinger Hamiltonian in n dimensions can be related to moments of order less than or equal to 7 -89 in n + 1 dimensions. This makes it possible to improve the bounds on the sum of the eigenvalues in three dimensions and consequently the Lieb-Thirring bound on the binding energy of matter.
I. Introduction
A technical, but essential ingredient of the proof of "stability" of matter by Lieb and Thirring [1] is a bound on the sum of the eigenvalues of a one-particle Hamiltonian in three space dimensions. The Lieb-Thirring bound has the form
for a system with N electrons and point nuclei of charges Z~, Z2,..., Zp; a is the fine structure constant and m the electron mass. The constant C is proportional to the power 2/3 of the coefficient appearing in the inequality
where the e,'s are the negative eigenvalues of the three-dimensional one-particle Schr6dinger equation with a potential V (for the notation L1.3 see Sect. 2). In [1], Lieb and Thirring get 4
and correspondingly C=4.16.
A. Martin
The best possible value one can hope to get for L,, 3 is given by the semiclassical
which is better by a factor 4re. If Eq. (5) was a bound, this would lead to the best possible C, C-~0.77,
which is what one gets if one takes isolated atoms and assumes the validity of the Thomas-Fermi approximation. The Thomas-Fermi approximation is known to hold in the limit of large Z [3] . Shortly after the Lieb-Thirring result, Lieb [4] found a bound on the total number of bound states up to a given energy E, in three dimensions:
By integration this gives a bound on ~ leit which is
and this leads to C=2.78.
The purpose of this paper is to show a link between moments in various space dimensions which allows, among other things, a slight improvement of inequality (8), and has an intrinsic interest.
Comparison of Moments in Various Space Dimensions
In what follows, we shall take the notation of [5]. We have s y.le,V<L~,.IIV_I 2 ~d"x,
where L~,, is the smallest constant for which (10) holds, n is the number of space dimensions, ? is the order of the moment, the ei's are the negative eigenvalues and V_ is the negative part of K Notice that Lo, 1 and Lo, 2 are infinite. If V= 2v, and if we let 2 go to infinity we get the semiclassical limit [2, 5] ,
We have
F 7+1+
There is one case where we know that L~.. = U~.., which is n = 1, ? = 3/2, and by an argument of Aizenman and Lieb [6] n = 1 and any 7 > 3/2. In the case of the number of bound states, ? = 0, we know from the explicit examples of Glaser, Grosse, and Martin [7] that Lo,. > Yo,., Vn.
